We propose a solution to the long-standing short wavelength polarization closure shortfall of full-F gyro-fluid models. This is achieved by first finding an appropriate quadratic form of the gyro-fluid moment over the second order Hamiltonian. Secondly, we deduce Padé-based approximations to the latter expression, that produce a polarization charge density with the opted order of accuracy and mimic linear polarization effects for arbitrary perpendicular wavelengths. The proposed closures feature proper energy conservation and the anticipated Oberbeck-Boussinesq and long wavelength limit.
Gyro-fluid (GF) models are an extremely useful approach to provide insights into the behavior of magnetized plasmas. They are widely applied to study turbulent transport in the tokamak core [1, 2] , edge [3, 4] and scrape-off layer [5] [6] [7] [8] [9] and phenomena like collisionless reconnection [10] , zonal flows [11, 12] and edge localized modes [13, 14] . GF models origin from gyro-kinetic theory [15] [16] [17] and rely on precise fluid closures to incorporate kinetic effects. They excel due to their vastly reduced computational cost in comparison to gyro-kinetic models and algebraic simplicity since the gyro-viscous cancellations emerge automatically.
GF models are particularly characterized by closures, which include finite Larmor radius (FLR) and linear polarization density effects down to the gyro-radius scale [18] [19] [20] [21] . Additionally, GF closures can also encompass kinetic collisionless dissipation channels like Landau damping or FLR phase mixing [20] [21] [22] [23] .
Full-F GF models [24] [25] [26] , as opposed to their δF counterpart [3, [18] [19] [20] [21] [27] [28] [29] [30] , avoid the separation of scales and the concomitant Oberbeck-Boussinesq (OB) approximation [31, 32] . The resulting highly non-linear nature of full-F GF models complicates the development of fluid closures for kinetic effects. For this reason, the polarization closure of full-F GF models is treated within a long perpendicular wavelength (LW) approximation [24] [25] [26] , which dates back to the beginning of gyro-kinetic theory [16] . This short wavelength polarization shortfall of current full-F GF models is a fundamental issue since the δF polarization charge density is not only recovered in the OB but also the LW limit. Further, the accomplishment of this shortfall is crucial to accurately capture the stability and the turbulent spectrum of single-or multi-scale drift wave modes for arbitrary perpendicular wavelengths [6, 20, 21, 33] . * E-mail: markus.held@chalmers.se
In this contribution, we overcome the full-F GF polarization shortfall and present novel fluid closures for polarization effects for arbitrary perpendicular wavelengths. We find that the polarization closure, which rests upon a Maxwellian distribution function, is not suitable for numerical computations. Consequently, we refine the latter closure to a Padé-based approximation of desired accuracy, which accurately mimics arbitrary perpendicular wavelength polarization effects in the OB limit and retains the original non-linear structure. We proof that the latter is pivotal for energetic consistency -a missing feature of previous ad-hoc approximations [33] [34] [35] [36] [37] .
II. GYRO-KINETIC FUNDAMENT:
We base our discussion on the non-linear electrostatic collisionless gyro-kinetic Vlasov-Poisson system, which is consistently derived via field theoretical methods [30, [38] [39] [40] . Following this approach the non-linear electrostatic collisionless gyro-kinetic Vlasov equation is given by
with gyro-center (GY) distribution functionF (Z, t) and the magnitude B := |B| of the magnetic field B. The GY phase spaceZ := X ,μ,v ,θ encompasses the GY positionX, magnetic momentμ, parallel velocityv and gyro-angleθ. The GY equations of mo-
Here, we introduced the particle charge q and mass m. The central quantity of our discussion is the effective GY potential Ψ := Ψ 1 +Ψ 2 , which is the superposition of the gyro-average and polarization contribution of the electric potential φ,
respectively.
Here, the gyro-average is introduced f (X,v ,μ, t) := 1 
belonging to the zeroth Bessel function J 0 (ix) around x = 0 [15] [16] [17] . Here, we defined the particle position x =X + ρ 0 (X,μ,θ), gyro-radius ρ 0 := 2Bμ/m/Ω, gyro-frequency Ω := qB/m and gyro-arm ρ 0 := ρ 0â .
The orthonormal coordinate unit vectors â,b,ĉ are In gyro-kinetic field theory the GY Poisson equation follows from the variation of the GY action with respect to φ(x)
with d 6Z := d 3X d 3V , d 3V := dv dμ dθ m 2 B and species α.
III. GYRO-FLUID MOMENT HIERARCHY AND POISSON EQUATION:
GF models are derived by the GY velocity space integrals over the GY distribution function times an arbitrary GY phase-space function ζ(Z, t), which defines the GF moment [19] ζ := d 3VF ζ.
The latter is exploited for the basic GF moment quantities: the GY density 1 = N , parallel velocity v /N = U , perpendicular and parallel pressure μB = P ⊥ := N T ⊥ respectively mṽ 2 = P := N T whereṽ :=v − U .
Further, the GF moment over the Vlasov-equation (Eq. (1)) multiplied by ζ yields the general expression for the time evolution of the GF moments [19] :
Likewise, we express the GY Poisson variational of Eq. (4) in terms of the GF moment Ψ and split it into a GY charge density := α qN and a polarization charge density pol := −∇ · P contribution − ∇ · P = 0.
The polarization density P can be decomposed into first and second order polarization contributions P = P 1 + P 2 , which are associated with Ψ 1 and Ψ 2 , respectively. This assigns to the polarization charge densities pol = pol,1 + pol,2 . The first order polarization density
contains FLR effects and is independent of the electric potential φ. The second order polarization density
can be rewritten into a linear polarization density P 2 = 0 X · ∇ ⊥ φ and consequently contributes only for a nonvanishing electric field [41] . Here, the rank-2 electric susceptibility tensor X contains contributions from all wavelengths. From now on we associate first and second order polarization contributions with gyro-average (or FLR) and polarization effects, respectively. Inserting the equations of motions into the GF moment evolution Eqs (6) reveals that the GF moment evolution equation for ζ =μ kvl requires to close Ψ related terms of the form μ kvl ∇ Ψ . Additionally, the Poisson equation (7) demands a closure for Ψ . The accurate evaluation of the closure terms μ kvl ∇ Ψ and Ψ needs an infinite set of GF moments, since the gyro-average of Eq. (3) entails all non-negative integer powers of the GY magnetic momentμ [21] . We therefore assume a Maxwellian GY distribution function, but remark that the proposed gyro-average and polarization closures hold also for the near Maxwellian GY distribution function of Ref. [26] . As a consequence, higher GF moments are expressed through the basic GF moments.
This Maxwellian assumption allows us to evaluate the various GF moment closure terms μ kvl ∇ ⊥ Ψ and Ψ , which in the course of that generates a hierarchy of effective GF potentials. Accordingly, the GF moment closure terms of a four moment model, as for instance μB∇Ψ = P ⊥ ∇ (ψ + χ) + ι∇ ln (B/T ⊥ ) , produce the basic
and higher effective GF potentials
which arise from the GF moment over the effective gyrocentre potential Ψ. This hierarchy retains both gyroaverage (Ψ 1 ) and polarization (Ψ 2 ) effects of the effective gyro-centre potential Ψ in the GF moment equations through {ψ 1 , χ 1 , ι 1 } and {ψ 2 , χ 2 , ι 2 }, respectively. The gyro-average of Eq. (3) is inherent to both the closure for gyro-average and polarization effects (cf. (2)). As a consequence, the higher effective gyro-fluid potentials {χ, ι} of both the gyro-average {χ 1 , ι 1 } but also of the polarization {χ 2 , ι 2 } can be related the basic effective GF potential ψ by the simple and exact recursive identities [21] 
Here, we defined the thermal gyro-radius ρ := √ T ⊥ m/(qB). These formulas provide consistent closures for the gyro-average and polarization contributions of Eqs. (11a) and (11b), even if an approximated closure of the lowest moment ψ is utilized. This result extends the recursive identities, originally derived for the gyroaverage contributions [21] , to the polarization contributions.
A. Gyro-average closures:
The gyro-average contributions in the effective GF potentials ψ 1 , χ 1 and ι 1 give rise to the basic and higher FLR operators,
The truncated Maxwellian distribution function allows us to evaluate these operators for arbitrary perpendicular wavelengths. The consequent basic FLR operator Γ 1 is given in ordinary space by a Taylor series
with the Taylor series coefficients of the exponential exp (x 2 /2) at x = 0 [18, 19] . As soon as the basic FLR operator is determined either by the Maxwellian assumption (Eq. (13)) or by an approximation (discussed later), the higher FLR operators and the first order polarization (FLR) contribution in the Poisson equation follow immediately. For the derivation of the higher FLR operators Γ 2 and Γ 3 the recursive identities of Eqs. (12) are utilized in combination with Eq. (13). This yields
The first order polarization (FLR) charge density is produced by the adjoint Γ † 1 of the basic FLR operator [24, 26] 
and emerges from the variationial of Eq. (8) in the Poisson equation (7) .
While the latter FLR operators accurately capture gyro-averaging effects for the truncated distribution function, they fail to match the linear solution of Eq. (1) and consequently the ion temperature gradient marginal stability relation for a finite set of gyro-moments in a slab and constant magnetic field [20, 21, 42] . Therefore, approximations to Eq. (13) are needed, which are well behaved and capture both gyro-averaging effects and the linear response and consequently the ITG instability properly.
The √ Γ 0 approximation overcomes this drawback [20, 21] and replaces the basic FLR operator by
Here, the linear polarization operator is defined by
where the Gamma function Γ is not to be mistaken with the gyro-average or polarization operator. It origins from the OB limit of the Poisson equation Γ 0 (φ) = φ † /N , which we relax after integration for the thermal gyro-radius ρ. The Taylor series coefficients of the linear polarization operator Γ 0 correspond to the more familiar function I 0 (−x 2 ) exp (x 2 ) at x = 0 [16, 17] , where I n is the modified Bessel function.
From the numerical point of view neither the Maxwellian basic FLR operator (Eq. (13)) nor its √ Γ 0 approximation (Eq. (15)) are practical in full-F GF models. This is because in conventional space accuracy to arbitrary perpendicular wavelengths is lost due to a truncation of the Taylor series and in Fourier space computationally demanding convolution integrals emerge. Padéapproximations of order (p, q) in conventional space offer a way out of this difficulty. Well behaved approximations to the basic FLR operator are based on a suitable (p, q) Padé-approximation to the chosen operator. We choose the the polarization operator Γ 0 , which we utilize in Eq. (15), its square root √ Γ 0 , for the gyro-average closures. For the polarization closures, as we discuss later, we choose the basic FLR operator Γ 1 or its square Γ 2 1 . We abbreviate the Padé-approximation to a operator by p q Γ n . However, we use this notation also for the higher FLR operators Γ n>1 , which are derived from the recursive formulas (12) and the chosen Padé-approximation of the basic FLR operator. This is not to be confused with a direct Padé-approximation to the higher Maxwellian FLR operators Γ n>1 . Two simple and well behaved Padéapproximations for the basic FLR operator p qΓ1 emerge at order (p, q) = (1, 2) [20]
and at order (p, q) = (1, 4) [21, 24, 26]
Note, that we adopt the (1,4) order notation for 1 4Γ1 , since
Interestingly, for the latter (1, 2) and (1, 4) Padé-approximation the Γ 0 relationship (Eq. (15)) is exactly fullfilled, so that
The higher Padé approximated FLR operators follow from the recursive identities and are summarized together with the basic Padé approximated FLR operator and its adjoint in Table I [8] .
B. Polarization closures:
Analogous to the gyro-average closures the polarization closures rely on the Maxwellian assumption. An in-depth analysis of the Taylor expansion of the basic Maxwellian polarization closure reveals a relation, which includes only the square of linear differential operators:
Here, we introduced the Taylor series coefficients 
which agrees with the Hermite-Laguerre expanded expression of Ref. [43] in the Maxwellian and B * ≈ B limit. The Maxwellian polarization closure of Eq. (19) together with the higher polarization closures, based on Eqs. (12) , and the polarization density of Eq. (20) are unpractical for numerical computations due to an infinite set of differential operators. Thus, the remaining task is to find simple truncations of the infinite series expression of Eq. (19) , which (i) retain the basic quadratic structure of Eq. (19) for energetic consistency and (ii) feature a polarization density with the proper OB and LW limit. These requirements are fullfilled if we truncate at N ∈ {2N + 1} ∪ {2} and utilize the Padé-approximations
instead of the basic FLR operator Γ 1 . This yields the O b 2N accurate rational approximation to the basic polarization closure
which mimics arbitrary perpendicular wavelength polarization effects through the Γ 1 ≈ 
We now derive explicit expression for the simple truncated polarization closures at N = 1 and N = 2. For the N = 1 case Eq. (22) reduces to an O(b 2 ) accurate approximation
which features arbitrary wavelength polarization effects through the Γ 1 ≈ 1 2Γ1 approximation. The remaining higher polarization closures χ 2 , ι 2 are consistently derived from the recursive closure formulas of Eqs. (12) together with the latter basic polarization closure for ψ 2 (Eq. (24) or (27)):
The associated O(b 2 ) accurate polarization density
follows from Eq. (23) . Note that the therefrom derived second order polarization charge density pol,2 ≈ α q 2
2Γ1 ∇ ⊥ φ does not agree with the widely used second order Padé-approximation in gyrokinetic models pol,2 ≈ α q 2 [33] [34] [35] [36] [37] , which is not producing a quadratic kinetic E × B energy. 
The second approximation retains the first two terms of the sum (N = 2) of Eq. (22) . The so derived closure reads
has O b 4 accuracy and keeps arbitrary wavelength effects through the replacement of the basic FLR operator Γ 1 with the (1, 4) Padé-approximation 1 4Γ1 . Analogous to the second order approximation we derive from the fourth order approximation (Eq. (27)) the higher polarization closures
and the polarization density
In summary, the proposed approximated polarization closures of Eqs. . Further they imply accurate polarization effects at arbitrary perpendicular wavelengths in the OB limit, the correct LW limit and produce an appropriate energy conservation law, which is demonstrated in the following.
a. Oberbeck-Boussinesq and long perpendicular wavelength limit: In the OB limit the spatial dependence of GF moment variables (N, P ⊥ , . . .) and the magnetic field magnitude B is neglected. As a consequence, the basic FLR operator is self-adjoint Γ 1 = Γ † 1 and commutes with spatial derivatives. The basic Maxwellian second order polarization charge density reduces in the OB limit to
where we used (∇·) i ∇ i ⊥ = ∆ i ⊥ and the spatio-temporal average f . The OB limit of the proposed O b 2N approximation of Eq. (23) produces a polarization charge density equal to Eq. (30) except that the Maxwellian polarization operator Γ 0 is replaced by the truncated polarization operator Γ 0,N :
Strikingly, for the second and fourth order approximations of Eq. (26) respectively (29) the truncated polarization operator is simply the (1, 2) or (1, 4) Padé-approximation of the polarization operator, so that Γ 0,1 = 1 2 Γ 0 or Γ 0,2 = 1 4 Γ 0 . The latter Padé-approximations retain high accuracy to the Maxwellian polarization operator Γ 0 , which is depicted in Fig. 1 . The relative error of the (1, 2) and (1, 4) Padéapproximation to Γ 0 are of comparable magnitude and are roughly 7% and respectively 11%. Additionally, the O b 10 and O b 18 accurate approximations are shown. (1, 4) (blue) Padé-approximations agree with relative errors of 7% respectively 11%, whereas the LW approximation fails at short perpendicular wavelengths. Higher accuracy is obtained with the higher order rational approximations Γ0,5 and Γ0,9 (cyan, magenta).
In the LW limit the presented Maxwellian, second and fourth order polarization closures reduce to the LW polarization expressions 
which agrees in the LW polarization limit with Ref. [26] . Note that two properties of ψ and χ are crucial to derive the latter positive definite kinetic E×B energy. First, ψ 2 must be made of squares of linear differential operators, as given by both the Maxwellian or truncated expression. Second, both χ 1 and χ 2 must be derived by the recursive identity (Eq. (12)), which we utilize for both the exact and truncated expressions. This enables us to use simpler approximations for the remaining higher FLR operators, as for instance the LW fit
IV. CONCLUSIONS:
In this work novel full-F GF closures are derived for polarization effects for arbitrary perpendicular wavelengths. Based on a Maxwellian assumption explicit expressions for the polarization part of the basic effective GF potential and the polarization density are derived in Eqs. (19) and (20) . However, these expressions contain an infinite set of spatial operators and require suitable approximations for numerical computations. Thus, a general approximation is deduced from a series truncation of the Maxwellian basic polarization closure of Eq. (19) , which retains the original quadratic structure of the expression for energetic consistency and replaces the inherent FLR operators by appropriate Padéapproximations. The resulting Padé-based closure for the polarization part of the basic effective GF potential of Eq. (22) is O b 2N accurate. Notably, the associated polarization density of Eq. (23) comprises polarization effects to arbitrary perpendicular wavelengths since its OB limit (Eq. (30)) yields an O b 2N accurate rational approximation to the polarization operator Γ 0 . The truncated polarization closures are specified to the tractable limit of second and fourth order accuracy in Eqs. (24)-(26) respectively Eqs. (27)-(29), where the higher polarization closures of Eqs. (25) respectively Eqs. (28) are consistently closed by the recursive identities of Eq. (12). In this limit the rational approximations of the polarization operator Γ 0 are optimal so that they reduce to its (1, 2) respectively (1, 4) Padé-approximation. The truncated Maxwellian polarization closures ensure energy conservation with a positive definite kinetic E × B energy as given by Eq. (31). The proposed second and fourth order Padé-based approximations for arbitrary perpendicular wavelength polarization effects can be also utilized in gyro-kinetic models [33] [34] [35] [36] [37] , when a Maxwellian GY distribution function for the polarization part is assumed. Finally, we emphasize that the proposed approximations for gyro-averaging (Table. I) and polarization (Eqs. (24)- (26) or (27)-(29)) are the full-F analogue of the widely used δF Padé-model [20, 21, [28] [29] [30] .
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